In this paper, We extend the two-component coupled Hirota equation to the three-component one, and reconstruct the Lax pair with 4 × 4 matrixes of this three-component coupled system including higher-order effects such as third-order dispersion, self-steepening and delayed nonlinear response. Combining the generalized Darboux transformation and a specific vector solution of this 4 × 4 matrix spectral problem, we study higher-order localized nonlinear waves in this three-component coupled system. Then, the semi-rational and multi-parametric solutions of this system are derived in our paper. Owing to these more free parameters in the interactional solutions than those in single-and two-component Hirota equation, this three-component coupled system has more abundant and fascinating localized nonlinear wave solutions structures. Besides, in the first-and second-order localized waves, we get a variety of new and appealing combinations among these three components q 1 , q 2 and q 3 . Instead of considering various arrangements of the three potential functions, we consider the same combination as the same type solution. Moreover, the phenomenon that these nonlinear localized waves merge with each other observably, may appears by increasing the absolute values of two free parameters α, β. These results further uncover some striking dynamic structures in multi-component coupled system.
Introduction
In recent years, the semi-rational localized waves, which include bright or dark solitions, breathers and rogue waves, have been one of the fascinating topics which have some potential applications in Bose-Einstein condenstates in atomic physics, optical fibers in nonlinear optics and other fields. Rogue waves [1] [2] [3] [4] , (also called freak waves, monster waves, killer waves, rabid-dog waves) have peak amplitude usually more than twice the significant wave height, and also appear from nowhere and disappear without a trace. Breathers propagate steadily and localize in either time or space, in particular Akhmediev breather (AB) [5, 6] and Kuznetsov-Ma breather (KM) [7] . AB breathes in space periodically and localize in time, while KM breathes in time and localize in space. Interestingly, by taking the breathing period of the two kinds of breather to infinity, rogue waves which are localized in both time and space may be obtained. In 1983 [8] , Peregrine first found a simple rational solution-Peregrine soliton, which was the limiting case of KM breather and especially considered as the rogue wave prototype [9] .
There have been many papers on rogue wave and semi-rational localized waves of single-component system, such as the nonlinear Schrödinger(NLS) equation [10] [11] [12] , the derivative NLS equation [13] [14] [15] , the DaveyStewartson equation [16] , the Hirota equation [17] , the Kundu-Eckhaus equation [18] , the complex short pulse equation [19] , the Sasa-Satsuma equation [20] , and so on. While, a variety of complex system, such as BoseEinstein condensates and nonlinaer optical fiber, usually involve more than one component [21] [22] [23] . So, the discussion of localized waves in multicomponent coupled systems are meaningful and necessary. Some different solutions of the mixed coupled NLS equation has been classficated in [24] . The Maxwell-Bloch equtions [25] in two-level optical medium have been solved to get breather, dark breather, rogue wave and dark rogue wave, meanwhile, performing the generalized Darboux transformation (DT) to these equations, one may acquire higher-order rogue waves and W-shaped solitons [26] .
In this letter, enlightened by Baronio [27] and Guo [11, 28] , we extend two-component coupled Hirota eauation [29] [30] [31] to three-component one [32] , and discuss localized nonlinear waves in this three-component coupled Hirota (1)
Where q 1 (x, t), q 2 (x, t) and q 3 (x, t) are the complex envelops of three fields, each non-numeric subscripted variable stands for partial differentiation. Besides, q * i (i = 1, 2, 3) denotes the complex conjugate of q i . ǫ stands for the integrable perturbation of the coupled NLS equation [28] , which is a small dimensionless real parameter. In the regime of ultra-short pulses, where the pulse lengths become comparable to the wavelength [19, 33] , the NLS equation becomes less accurate. To meet this requirement, one of the approaches is to add some higher-order dispersive terms [34] . In this way, Tasgal and Potasek present the coupled Hirota equation [36] . Besides, the coupled Hirota system includes third-order dispersion, self-steepening and delayed nonlinear response, thus, can be considered to be a more accurate prototype of the wave envolution in the real world.
In [27] and [28] , their methods can not obtain higher-order localized waves, so we construct a specifical vector solution of Lax pair of this equation in [36] . Combing the generalized Darboux transformation and this specifical vector solution, the higher-order localized waves have been constructed in two-component coupled NLS equation. Several rational and semi-rational solutions are also obtained in coupled Hirota equation [30, 31] .The higher-order localized waves [37] and four-petaled flower rogue wave [38] are exhibited in three-component coupled NLS equation. Compared with the two-component coupled NLS equation, the three-component one has some new and appealing combination interactional solutions among these three component. So they are not just the same. One has constructed several new higher-order rogue wave structure in three-wave resonant interaction equation [39] . Using similarity transformation technique, some localized matter waves in multicomponent Bose-Einstein condensates have been presented [40] . Utilizing Painlevé analysis, the multi dark solition of N-component coupled Hirota equation [32] has been discussed. In [31] , the first-and second-order localized waves have been presented and their dynamic properties also have been discussed in detail of the two-component coupled Hirota equation. So, we will extend two-component coupled Hirota equation to three-component one, then, discuss diverse interactional solutions of this coupled system. In the paper, using our method, some meaningful results can be obtained in this three-component coupled Hirota equation. Besides, choosing the appropriate values of some free parameters in this semi-rational solution, several interesting dynamics of the interactional solutions are exhibited.
The paper is organized as follows. In section 2, the generalized Darboux transformation of Eq.(1) is constructed. In section 3, the first-and second-order localized waves are obtained respectively, and some interesting and appealing figures are also given. The last section contains several conclusions and discussions.
Generalized Darboux transformation
In this section, we reconstruct the following Lax pair with 4×4 matrixes of Eq.(1) [31] , then give the generalized DT of this system,
Where Here, the column vector Φ = (φ, ϕ, χ, ψ) T is eigenfunction and λ is spectral parameter. Actually, Eq.(1) can be directly figured out by the following compatibility condition
The Lax pair of Eq. (1) is standard AKNS (Ablowitz-Kaup-Newell-Segur) spectral problem, so, based on the DT of AKNS [41] hierarchy, the generalized DT of Eq.(1) could be also constructed. However, in Eq. (2) and (3), U and V are all 4 × 4 matrices, it is more complicated than 2 × 2 and 3 × 3 matrix to get a specifical vector solution of Lax pair.
Let
T be a special solution of Lax pair (2) and (3), with choosing the seed solution of Eq. (1) 
, at λ = λ 1 . Then, we can get the classical DT of Eq.(1)
Where (
, † denotes transposed and conjugate operation of a matrix ( or a vector), I is the 4 × 4 identity matrix,
In the following, according to the above classical DT of Eq.(1), let
is a special solution of Eq. (2) and (3) with 3 [0] and λ = λ 1 + δ, then Φ 1 can be expanded as the Taylor series at δ = 0
Where
It can be easily figured out that
1 is a particular solution of Eqs. (2) and (3) with the above seed solution of Eq. (1) and at λ = λ 1 from the above process. So, we can directly give the first-step generalized DT through Eq. (4)- (7).
1. The first-step generalized DT
Where 2. The second-step generalized DT 3
Choosing the seed solution of Eq. (1) as (2) and (3). So, we consider the following limit
The third-step generalized DT
In the same way, the following kind of limit will be constructed
then, the specifical solution of Lax pair (2) and (3) can be solved at q 1 = q 1 [2] , q 2 = q 2 [2] , q 3 [2] with the spectral parameter λ = λ 1 . Certainly, these two identities could be presented
Iterating the above procedures, thus, the N-generalized DT of Eq. (1) can be defined as the following form:
Here, we can find that Eq. (24)- (26) give rise to the Nth-order localized waves in Eq. (1) theoretically. In order to avoid calculating the determinant of higher order matrix in a cumbersome way. Instead of Crum theorem [42] , the iterative algorithm should be chosen in this paper.
Localized nonlinear wave solutions
In this section, we present the localized nonlinear wave solutions of this three-component coupled Hirota system [32] , and demonstrate the dynamics analysis of these nonlinear waves in detail.
The first-order localized nonlinear waves
We begin with the plane wave solution of Eq.(1) [28, 32] 
Where, θ = (d 
where
, c 2 =
,
Here,
, and m k , n k , α, β all could be chosen as real constants freely. Setting τ = d
and choosing the spectral parameter λ = 8i √ τǫ(1 + f 2 ) with a small real parameter f , we can get the Taylor expansion of the vector function Φ 1 at f = 0
where, Φ 1 is a solution of Lax pair (2) and (3), at
. Hence, through Eqs. (11)- (13), we can get
The correctness of the above Eqs. (30)- (32) have been directly verified by putting them back into Eq.(1). At this moment, we obtain the first-order localized nonlinear waves of Eq.(1) with five free parameters 2 and d 3 determine the background where the different localized waves emerge, and α, β play the important role in controlling dynamics of these nonlinear waves. Then, we will discuss dynamics properties of these solutions in six different cases.
(i) When α = β = 0, q 1 , q 2 and q 3 are all proportional to each other, and we can obviously find they are the first-order rogue wave. Besides, these three component have the similar structure, and they are the same as the one-component and two-component cases from Fig.1 (ii) When one of the two parameters α, β is zero and d i 0 (i = 1, 2, 3), without loss of generality, we choose α = 0, β 0. We can see the combination from Fig.2 , q 1 and q 3 are all first-order RW and one-breather, q 2 is first-order RW and one-dark soliton. By increasing the absolute value β, the phenomenon that the nonlinear waves merge with each other distinctly can be shown in Fig.3 .
(iii) When α = 0, β 0 and
we can get the combination that q 1 and q 2 are all the first-order RW and one-dark soliton, q 3 is the first-order RW and one-bright soliton in Fig.4 . Owing to the zero-amplitude plane which emerges the RW, we can not observe this RW clearly in Fig.4(c) . In the same way, increasing the absolute values α and β, the character that these nonlinear waves integrate with each other can be shown in Fig.5 .
(iv) When α 0, β 0, and d 1 0, d 2 0, d 3 = 0, the combination of these three components is that q 1 and q 2 are all the first-order RW and one-breather, q 3 is the first-order RW and one-bright soliton in Fig.6 . While considering the zero-amplitude background crest, the rogue wave in q 3 is difficult to observe owing to its small amplitude. And the more obvious interaction among different nonlinear waves can be found in Fig.7 .
(v) When α 0, β 0, and
we can get a new combination among these three components q 1 , q 2 and q 3 . In Fig.8 , the phenomenon, q 1 is the first-order RW and one-dark soliton, q 2 and q 3 are all the firstorder RW and one-bright soliton, is exhibited. The maximum amplitude of first-order rogue wave in Fig.8(b) and (c) are very small and difficult to be find, because they appear at the zero-amplitude background crest. Similarly, we can see that these nonlinear waves emerge with each other distinctly from Fig.9 . With respect to Fig.9 , we give the explicit collision processes between one-dark soliton and a rogue wave, one-bright soliton and a rogue wave respectively in Fig.10 . We can find that, in Fig.10 , one-dark soliton and one-bright soliton are propagating along the positive direction of x-axis, when t = 0, the first-order RW suddenly appears and these nonlinear waves interact with each other. The next moment, the first-order RW disappears without a trace and the solitons which maintain their identity continue to spread after this collision.
(vi) When α 0, β 0, and d i (i = 1, 2, 3) are all not zero, the three component q 1 , q 2 , and q 3 are all the first-order RW and one-breather in Fig.11 . In the same way,increasing the absolute values of α and β, we can see the RW integrates with one-breather distinctively in q 1 , q 2 and q 3 from Fig.12 .
Here, we give a simple classification about values of these five parameters α, β and d i (i = 1, 2, 3) corresponding to different types of the first-order nonlinear wave solutions of Eq.(1). These following nonlinear waves can be obtained by choosing appropriate values in these five parameters.
Case 1: When α = β = 0, these solutions q i (i = 1, 2, 3) are all the first-order rogue wave. Case 2: One of the two parameters α and β is zero, without lose of generality, we take the case of α = 0, β 0 into account. This classification is shown in Table 1 . Table 1 .Classification of the first-order localized waves solutions generated by the first-step generalized DT
RW and one-dark soliton 0 RW and one-bright soliton
RW and one-bright soliton 0 RW and one-dark soliton
RW and one-breather 0 RW and one-breather
RW and one-dark soliton RW and one-dark soliton RW and one-bright soliton
RW and one-bright soliton RW and one-dark soliton RW and one-dark soliton
RW and one-breather RW and one-dark soliton RW and one-breather Case 3:When α 0, β 0, the classification is shown in Table 2 . Table 2 .Classification of the first-order localized waves solutions generated by the first-step generalized DT
RW and one-dark soliton RW and one-bright soliton RW and one-bright soliton
RW and one-bright soliton RW and one-dark soliton 0
RW and one-breather RW and one-bright soliton RW and one-breather
RW and one-breather RW and one-breather RW and one-bright soliton
RW and one-breather RW and one-breather RW and one-breather
Instead of considering various arrangements of the three potential functions q 1 , q 2 and q 3 , we consider the same combination as the same type solution. In other words, case 1 is that q 1 and q 2 are all RW and one-dark soliton, q 3 is RW and one-bright soliton; and case 2 is that q 1 is RW and one-bright soliton, q 2 and q 3 are all RW and one-dark soliton, in our opinion, these two cases is the same type solution. So, we can get six types first-order interactional solutions using our method in this paper. Table 3 . Six types first-order localized nonlinear waves
three potential functions are all first-order RW Type 2 the two potential functions are RW and one-breather, and another one is RW and one-dark soliton Type 3 the two potential functions are RW and one-dark soliton, and another one is RW and one-bright soliton Type 4 the two potential functions are RW and one-breather, and another one is RW and one-bright soliton Type 5 the two potential functions are RW and one-bright soliton, and another one is RW and one-dark soliton Type 6 three potential functions are all RW and one-breather
The second-order localized nonlinear waves
In this section, we consider the following limit:
We can arrive at a specific vector solution of Lax pair (2) and (3) with q 1 = q 1 [1] , q 2 = q 2 [1] , q 3 = q 3 [1] , at λ = λ 1 = 8i √ τǫ. Through Eqs. (15)- (17), the concrete expressions of the second-order localized nonlinear waves can be figured out. However, this explicit expressions of q 1 [2] , q 2 [2] and q 3 [2] are very tedious and complicated, we only give their expressions of the simplest case α = β = 0 in the following content. For other cases, we omit writing down their expressions for the complexity, while, the dynamics properties of these solutions are discussed in detail. Besides, the validity of the expressions of q i (i = 1, 2, 3) can be directly verified by putting them in Eq. (1) through Maple. Here, we also discuss the dynamics properties of these nonlinear waves in six cases.
(i) When α = β = 0. Choosing
, we can get the following concrete (ii) When one of these two parameters α and β is zero and q i 0 (i = 1, 2, 3), for convenience, we consider α = 0, β 0. Here, we can see that this combination in Fig.15 , q 1 and q 3 are all the fundamental second-order RW and two-breather, and q 2 is the second-order RW and two-dark soliton. Increasing the absolute values of β, it reveals that the fundamental RW merges with breathers (dark solitons) distinctively from Fig.16 . Given that these two constants m 1 and n 1 are all not zero, the phenomenon that, the seconder-order RW in Fig.15 splits into three first-order RW and these three humps form a triangle, is displayed in Fig.17 .
we can find that this combination, q 1 and q 2 are all the fundamental second-order RW and two-dark soliton, q 3 is the fundamental second-order RW and two-bright soliton in Fig.18 . The character that the fundamental RW integrates with solions distinctively is shown in Fig.19 . We discover that the fundamental second-order RW splits into three first-order RW from Fig.20 .
. (iv) When α 0, β 0 and
we can observe that q 1 and q 2 are all the fundamental second-order RW and two-breather, q 3 is the fundamental RW and two-bright soliton in Fig.21 . Here,the rogue wave in q 3 and the triangular pattern in Fig.23(c) are not discovered for the same reason as the first-order rogue wave. We can find an interesting phenomenon that the plane which the RW and breather emerge is high, and the background plane where these nonlinear waves disappear is low. It is the same as the case in (iii), and the nonlinear waves merge with each other distinctly in Fig.22. From Fig.23 , we can also see that the second-order RW of triangular pattern.
(v) When α 0, β 0, and d 1 0, d 2 = d 3 = 0, we arrive at the interactional solutions between two-dark (two-bright) soliton and seconder-order RW. In Fig.24 , it reveals that q 1 is the fundamental second-order RW and two-dark soliton, q 2 and q 3 are all the fundamental second-order RW and two-bright soliton. Here, the rogue waves in q 2 and q 3 are not obvious to appear for the same reason as the first-order rogue wave. By increasing the absolute values of α and β, we see these interactional solutions merge with each other from Fig.25 . Analogously, in Fig.26(a) , the second-order RW of triangular pattern is easily observed, in Fig.26(b) and (c), the triangular pattern is not easy to find because of their small amplitude. It is shown that the interactional process of Fig.26 is also elastic, and is similar to the first-order localized waves, thus the amplitudes and velocities of these two dark and bright solitons remain unchanged after collision in Fig.27 .
(vi) When α 0, β 0, the d i (i = 1, 2, 3) are all not zero. These three components q 1 , q 2 , and q 3 are all the fundamental second-order RW and two-breather in Fig.28 . In the same way, increasing the absolute values of α and β, we can see the second-order RW merge with two-breather distinctively in q 1 , q 2 and q 3 from Fig.29 . Besides, in Fig.30 , the fundamental second-order RW splits into three first-order RW.
In the first-order localized waves, we get the concrete expressions of these interactional solutions and give the classifications in three different cases. Instead of considering various arrangements of the three potential functions q 1 , q 2 and q 3 , the conclusion that there are six types first-order localized waves, which are obtained using our method in this paper, can be drawn. However, the expressions of the second-order localized waves are greatly tedious and complicated, we can not give these expressions in the general form. Then, the classifications as the first-order ones are also not presented, and we give the six types solutions which are similar with the first-order case. Whether the second-order localized waves own more types or not, we can not draw a firm conclusion now.
Conclusions
We arrive at some interesting and appealing localized nonlinear waves in the three-component coupled Hirota equation by the generalized Darboux transformation. By choosing a periodic seed solution of Eq.(1), we can get a peculiar vector solution of Lax pair of Eqs. (2) and (3). With a fixed spectral parameter and this special vector solution, we implement the Taylor series expansion of Eq.(28) at f = 0, and construct the generalized Darboux transformation of this coupled system Eq.(1). So, we can get its multi-parametric and semi-rational solutions, and some free parameters play the important role in controlling the dynamic properties of these localized nonlinear waves, such as α, β, d i , s i (i = 1, 2, 3).
We mainly discuss the dynamics of these interactional solutions in six diverse cases. (i) α = β = 0, the first-and the second-order rogue wave are exhibited in these three components q 1 , q 2 and q 3 . Then, by choosing s 1 0, the fundamental second-order rogue wave splits into three first-order one, and they form a triangle. (ii) α = 0, β 0, we present the first-and the second-order breather-dark-rogue wave solutions. The rogue wave coexists with breather in q 1 and q 3 , and q 2 is the rogue wave and dark soliton. Increasing the absolute values of α and β and choosing s 1 0, these phenomena, the nonlinear waves merge with each other and the second-order rogue wave splits into triangular pattern, are all presented respectively. , we can construct that the first-and the second-order breather-rogue wave solutions. Here, these three components are all the rogue wave interplays with breather. Then, the effects which caused by α, β and s 1 are reached similarly.
In this paper, we generalize Baronio's results [26] , thus reach the higher-order localized waves of the threecomponent coupled system by the generalized Darboux transformation. Using Darboux transformation, one gets the rogue wave and dark-breather-rogue wave in two-component coupled Hirota equation [30] . In [31] , the higherorder localized waves are been figured out. Here, we extend the two-component system to three-component one, then the Lax pair become 4×4 matrix, and the more free parameters may exist in vector solution of this kind of Lax pair in Eq. (28) . Combining this vector solutions with multi parameters and the generalized Darboux transformation, we arrive at some new combination of these interactional solutions, such as Type 2, 3, 4 and 5 in Table 3 in the first-order localized waves and similar cases in the second-order localized waves. However these solutions are not possible to be obtained in the two-component one [31] . Through considering both two-component(even) and threecomponent (odd) coupled Hirota equation, we may well understand the localized waves of the multi-component coupled Hirota equation [32] . Furthermore, we expect these localized waves in this paper will be verified in physical experiments in the future.
